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All questions may be attempted but only marks obtained on the best four solutions will O/o(/
count. Q’OO
The use of an electronic calculator is not permitted in this examination. 2

1. (a) State, without proof, the general formula for a Fourier series on (—m, 7) for a
function f(z), giving the expressions for the coeficients.

(b) Find the Fourier series for

0, if —m<z< -1
f@y={ 1, if ~3<z<]
0, ff<z<m

(c) Using Part b, or otherwise, show that

2. (a) Define the Jacobian
9(z,y)
O(u,v)’

where z(u,v) and y(u,v) are smooth functions.

(b) Using the definition from Part a, determine the Jacobian for the coordinate
transformation defined by the functions

z(u,v) = u-;—v and  y(u,v) = U;U.

(c) Let R be the first quadrant in the zy-plane. Using the coordinate transforma-
tion from Part b, or otherwise, find

/ / e~ @tV drdy.
R

MATH1402 PLEASE TURN OVER



https://mymathscloud.com

3. (a) State the Di.vergence Theorem carefully.

o)
(b) Let S be the surface of the closed box defined by 0 < z < 4,0 < y < 2, and O//)
0 < z < 10. Let a be a positive constant and consider the vector field

z?cos(z) . In(ly + 1)

F = (3a® - 2a)z1
(I,y,Z) (30’ Q)I'L + z4+4 (IIJ + 1)2

Find the exact value of a so that the flux of F over S is 0.

(c) Considering the situation in Part b, how would the value of a change if we
replace the vector field F' by the vector field F' + G, where G(z,y,2) =
91(y, 2)i + g2(x, 2)7 + g3(z, y)k with smooth functions g;, g, 95 : R2 — R.

4. (a) State Green's Theorem in the plane carefully.

(b) Sketch the contour C which is described as follows: Begin at the point (2, 3).
Go to the point (-2, 3) along the straight line segment. Then go back to (2, 3)
along the curve given by the equation y = 22 — 1. This description also gives
you the correct orientation of C.

(c) Let F(z,y) = zsin(z)i+ (zy+In(1+y?))j. Use Green’s Theorem to calculate
the circulation of F around C.

5. (a) State Stoke’s Theorem carefully.
(b) Verify Stoke’s Theorem for the vector field

F(z,y,z) = —yi+zj + zzk

and the surface S defined by z2 + y? + 22 = 17 and z > 4. Sketch the surface
S.
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6. (a) Let A be a vector potential for B, i.e., B = curlA. Let ¢ : R3 - Rbea
smooth function and show that

A+Vo

is also a vector potential for B. Find an expression for the divergence of A+V¢
in terms of the divergence of A.

(b) For the vector potential A = 2z + 2yj + 22k, is it possible to find a smooth
function ¢ : R® — R such that A + V¢ is divergence free? If so, provide a ¢
that works.

(c) A central vector field is one of the form F = f(r)r, where f : R — Ris a
smooth function, © + zi 4+ yj + zk, and 7 = |r|. Show that any central vector
field is irrotational, i.e., curlF = 0.
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